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Abstract.  We  first  consider  the  Cauchy  problem  for  wave  equations  in  the  whole  space 
R”  with  n  =  1,2.  For  a  special  class  of  initial  data,  we  derive  uniform  L^-bounds 
of  solutions.  In  the  framework  of  compactly  supported  initial  data,  this  L^-bound  is 
an  essential  ingredient  to  derive  local  energy  decay  estimates  as  shown  in  Morawetz 
[11]  in  the  exterior  domain  case.  We  do  not  assume  such  compactness  of  the  support 
of  the  initial  data.  Our  results  seem  new  in  the  low  dimensional  whole  space  cases 
(n  =  1,2).  Furthermore,  we  discuss  local  energy  decay  property  for  wave  equations  with 
space  dependent  damping  coefficient,  which  vanishes  with  some  rate  near  spatial  infinity. 
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1.  Introduction 


We  first  consider  the  Cauchy  problem  for  the  wave  equation  in  (n  =  l,2) 

utt(t,  x)  —  Au{t,  x)  =  0,  (t,  x)  G  (0,  oo)  X  (1) 

u(0,  x)  =  uo(x),  ut{0,  x)  =  ui{x),  X  G  R*^,  (2) 

where  {uo,ui)  are  initial  data  chosen  as: 

uoeH^ilC),  (3) 


and 


du  d^u  .  ^  . 

"‘=«'  '“‘  =  W  ^  =  = 

j=i  j 


,Xr. 
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Note  that  solutions  and/or  functions  considered  in  this  paper  are  all  real  valued 
except  for  several  parts  concerning  the  Fourier  transform.  Then,  it  is  known  that 
the  problem  (l)-(2)  has  a  unique  strong  solution 

uG  C([0,oo);Fr2(R^))nC^([0,oo);/7^(R”))nC2([0,oo);L2(R’^))  =:  C^. 

The  rather  stronger  assumption  on  the  initial  data  (3)  is  used  only  to  justify  the 
unique  existence  of  solutions  and  the  integration  by  parts  in  order  to  get  the  local 
energy  decay. 

As  is  well  known,  the  local  energy  decay  estimates  for  the  equation  (1)  are  one 
of  the  main  questions  in  the  scattering  theory.  About  this  problem,  Morawetz’s 
estimates  in  [11]  are  very  famous  as  one  of  pioneering  works,  and  she  derived  the 
local  energy  decay  estimate  such  that 

Enit)  =  0{t~^)  {t  oo), 

for  each  R  >  0.  The  problem  in  [11]  was  considered  in  the  exterior  domain 
Q  C  of  a  smooth  bounded  obstacle  for  n  >  3,  and  the  Dirichlet  null  condi¬ 
tion  on  the  boundary  was  assumed.  At  that  process  of  the  proof,  she  assumed 
the  compactness  of  the  support  of  initial  data  in  order  to  use  the  finite  speed 
of  propagation  property  (FSPP  for  short)  of  solutions.  In  this  sense,  her  theory 
fully  depends  on  such  FSPP.  One  of  essential  parts  of  proof  in  [11]  is  to  get  the 
L^-bounds  of  solutions.  To  get  such  L^-bounds  she  prepared  an  auxiliary  func¬ 
tion  as  stated  in  Remark  4  below.  We  can  also  cite  the  paper  [14]  concerning 
how  to  use  the  Morawetz  method  to  obtain  L^-bounds  of  solutions  in  the  damped 
wave  equation  case.  So,  a  natural  question  arose  in  [4]  and  the  references  therein 
whether  the  local  energy  decay  estimates  can  be  derived  or  not  under  the  frame¬ 
work  of  non-compact  support  condition  on  the  initial  data.  In  [3]  it  is  shown  that 
L^-boundedness  of  solutions  to  the  exterior  mixed  problem 

uuit,  x)  —  Au{t,  x)  =  0,  (t,  x)  G  (0,  oo)  x  Q, 

u{0,  x)  =  uo{x),  ut{0,x)  =  ui{x),  X  G 
u{t,  x)  =  0,  X  G  do. 

can  be  derived  under  the  non-compact  support  conditions  on  the  initial  data.  The 
method  used  in  [11]  was  modified  in  [3]  by  removing  support  compact  conditions 
assumed  in  [11].  Unfortunately,  it  was  not  sufficient  only  to  get  L^-bounds  of 
solutions  in  order  to  prove  local  energy  decay  under  non-compact  support  con¬ 
ditions  on  the  initial  data.  We  need  additional  estimates,  which  are  completely 
free  from  FSPP.  After  several  papers  published  by  Ikehata,  by  combining  the 
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additional  weighted  energy  estimates  and  such  L^-bounds,  the  local  energy  decay 
estimates  have  been  established  in  [4]  in  the  final  form.  The  weighted  energy 
estimates  used  in  [4]  is  a  modification  of  the  method,  which  has  its  origin  in 
[15].  In  [4],  the  so  called  Hardy-Sobolev  inequality  was  effectively  used  to  derive 
L^-bounds,  so  one  had  to  restrict  the  spatial  dimension  n  >  2.  This  is  a  result  in 
the  exterior  domain  case.  Therefore,  if  we  apply  the  method  of  [4]  to  the  whole 
space  case  without  FSPP,  we  have  to  restrict  n  >  3,  because  of  the  unavailability 
of  Hardy-Sobolev  inequality  for  n  =  1,2.  We  should  emphasize  that  the  previous 
attempts  to  remove  the  support  compact  condition  on  the  initial  data  have  been 
made  in  [13]  and  [18]. 

Our  aim  in  this  paper  is  to  derive  L^-bounds  of  solutions  without  FSPP  to 
problem  (l)-(2)  considered  in  the  whole  space  R”  with  n  =  1,2.  The  main 
difficulty  comes  from  a  lack  of  an  effective  Hardy-Sobolev  type  inequality.  For 
this  we  prepare  some  inequality  in  Proposition  1  without  proof,  which  plays  a 
role  alternative  to  that  of  Hardy-Sobolev  one. 

Before  stating  our  main  results,  we  set 

Xl^  :=  |/  G  Ti’T'(R-)l  f{x)dx  =  o|  , 

where 

^p,7(Rn)  I J  g  11/11p,^  :=  +  \xn\f{x)\Pdx  <  +oo|  . 

Here  are  our  main  results. 

Theorem  1.  Let  n  =  2  and  j  £  (0,1].  // [uq,  ui]  G  H^(R"')  x  (R^(R”)  n 
then  the  unique  solution  u  G  Cf  to  problem  (l)-(2)  satisfies 

||w(T-)ll  <  C'dl^^oll  +  ||^^l||  +  ll^tlllLy), 

with  some  constant  C  >  0. 

Theorem  2.  Let  n  =  1  and  7  g(^,1].  If  [uo,ui]  £  x  D  , 

then  the  unique  solution  u  £  Clf  to  problem  (l)-(2)  satisfies 

||w(i,  •)!!  <  C'dl^oll  +  ||^^l||  +  ll^tlllLy), 

with  some  constant  C  >  0. 

Remark  1.  IFe  still  assume  rather  a  stronger  assumption  on  the  initial  velocity 
ni(x)  such  that  /  ui{x)dx  =  0.  Even  if  the  results  above  are  derived  under 
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the  special  type  of  initial  data,  the  obtained  results  seem  to  be  new  in  the  low 
dimensional  case.  In  the  Navier-Stokes  equation  case,  as  stated  in  [17],  this 
vanishing  moment  condition  is  not  so  special.  Anyway,  it  is  still  open  to  get  the 
same  results  as  in  Theorems  1  and  2  without  such  vanishing  moment  condition. 

Remark  2.  We  can  also  get  the  similar  -boundedness  of  the  solutions  to  the 
wave  equations  with  variable  damping  coefficient  such  as 


uu{t,x)  —  Au{t,x) a{x)ut{t,x)  =  0,  t  >  0,  x  G 

For  this  case,  we  refer  the  reader  to  [5]. 

This  paper  is  organized  as  follows.  In  Section  2  we  shall  prove  Theorems  1 
and  2  by  relying  on  a  modified  method  of  [3],  and  in  Section  3,  we  apply  it  to  the 
local  energy  decay  property  of  the  problem  (l)-(2),  and  generalize  the  results  to 
another  evolution  equations  with  fractional  Laplacian.  Section  4  is  dedicated  to 
the  study  of  local  energy  decay  for  wave  equations  with  non-effective  damping. 

Notation.  Throughout  this  paper,  ||  •  ||g  stands  for  the  usual  L'?(R”')-norm. 
For  simplicity  of  notation,  we  use  ||  •  ||  instead  of  ||  •  ||2.  Furthermore,  we  denote 
II  •  11/^1  as  the  usual  R^-norm.  The  local  energy  ER{t)  on  the  area  \x\  <  R  {R  >  0) 
corresponding  to  the  solution  u{t,x)  of  (1)  is  defined  by 

ER{t)-=  \  [  {\utit,x)\^ +  \Vu{t,x)\‘^)dx. 

^  J\x\<R 

where 

j  =  l  1 

On  the  other  hand,  we  denote  the  Fourier  transform  of  f{x)  by 

Hm)  :=  m  :=  (T)5  [  e-'^<f{x)dx 

as  usual  with  i  :=  and  the  fractional  Laplacian  is  defined  by 

(-A)V(x)  :=R-\\C\^^f{mx), 

where  denotes  the  usual  inverse  Fourier  transform  of  J-.  For  later  use,  we 
set  additionally 

R!(R")  :=  {/  G  Ri(R")|  |V/|  G  , 

RC(R")  ;=  {/  G  C(R’")  I  sup  |/(x)|  <  +oo}. 

xSR" 
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In  the  course  of  the  proof,  the  following  inequality  concerning  the  Fourier 
image  of  the  Riesz  potential  plays  a  crucial  role.  This  comes  from  [2,  (ii)  of 
Proposition  2.1]. 

Tt 

Proposition  1.  Let  [n,7,  0]  satisfy  n  >  1,  7  G  [0,1]  and  6  £  [0,7  +  — ).  Then, 
for  all  f  G  L^(R"')  n  the  following  inequality  is  true: 

[  X^dC<C{\\f\\l^  +  \\ff) 

Jr.”^  IsI 

with  some  constant  C  =  Cn,d,'y  >  0. 

Proof  of  Theorems  1  and  2.  Let  us  prove  Theorems  1  and  2  at  a  stroke.  By 
applying  the  spatial  Fourier  transform  to  the  both  sides  of  the  equation  (1),  the 
problem  (l)-(2)  can  be  reduced  to  ODE  with  the  parameter 

0  +  \C\^u{t,  C)  =  0,  {t,  0  e  (0,  00)  X  R^,  (4) 

u{0,f)  =  c  e  (5) 

For  the  solution  u{t,f)  to  problem  (4)-(5),  one  introduces  an  auxiliary  function 

w{t,C)  ■■=  /  u{s,C)ds. 

Jo 

Then  w{t,f,)  satisfies 

+  iCpw'CijC)  =  «i(0>  (t,0  e  (0>oo)  X  (6) 

+(0,0  =  0,  wt{0,0  =  uo{f),  feKl  (7) 

Now,  we  introduce  an  alternative  function  D(t,0  defined  on  R^  \  {0}  as  follows: 

v{t,0  =  {eR?\{0),  (8) 

Note  that  v{t,  0  includes  in  its  definition  the  so  called  Riesz  potential  of  the 
measurable  function  ui{x).  Then,  the  function  7(t,0  satisfies 

(9) 


+t(LO  +  ICI"«(LO  =  o,  t>o,  eeR?\{0}, 
=  +(o,0  =  «o(0,  ^GR?\{0}. 


(10) 
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By  multiplying  both  sided  of  (9)  by  integrating  it  over  {|^|  >  6}  with 

small  (5  >  0,  and  taking  real  parts  of  the  resulted  equality  one  can  get 

at  J|5|>5 

so  that  by  integrating  it  over  [0,  t]  one  has 

A^\>s 

=  /  (|io«)P  + 

J\^\>5  Kl 

where  we  have  just  used  (10).  Since  vt{t,  =  wt{t,^)  =  u{t,  ^),  one  can  arrive  at 

f  \u{t,0f<[  1*0(61"^?^+/  (11) 

J\i\>S  Jb."  J|C|><5  l?l 


By  applying  Proposition  1  (for  n  =  2, 1)  to  the  final  term  on  the  right-hand  side 
of  (11)  one  can  get 


m(6P 

leP 


so  one  has 


<C(K||?,.,  +  ||uif), 


/  |u(t,6Pdc<c(|Kf +  ||ui||2,  +  Kf). 


(12) 

(13) 


Since  the  right-hand  side  of  (13)  is  independent  from  any  5  >  0,  by  letting  5  I  0, 
and  by  relying  on  the  Plancherel  theorem  one  has  the  desired  estimate.  ◄ 


Remark  3.  It  is  known  (see  [17])  that  if  ui  G  Xii,  then  |hi(^)|  <  K\f\  with 
some  constant  K  >  0.  Unfortunately,  this  property  pointed  out  in  [17]  can  not 
be  well  applied  to  control  the  estimate  (12).  Proposition  1  is  meaningful. 

Remark  4.  The  introduction  of  (8)  is  an  important  idea  to  get  L^-bound  of 
solutions.  This  is  a  modification  of  that  of  Morawetz  [11],  which  introduced  an 
auxiliary  function  defined  by 


v{t,x):=  /  u{s,  x)ds  +  h{x), 
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where  the  function  h  G  is  a  unique  solution  to  the  Poisson  equation 

Ah{x)  =  ui{x),  X  G  R”, 

h{x)  =  0(1x1“*-"“^^)  as  |x|  — )•  oo.  (14) 

The  condition  (14)  can  be  justified  (for  example)  when  the  support  of  the  function 
ui{x)  is  compact  in  R”.  We  do  not  assume  such  compactness  of  the  support  of 
initial  data,  and  we  can  treat  the  low  dimensional  case  n  =  1,  2  as  well  as  n>  3, 
which  has  already  been  done  in  [3]. 

3.  Application  to  related  problems 

In  this  section,  we  first  consider  the  Cauchy  problem  (l)-(2)  again  in  order  to 
apply  Theorems  1  and  2  to  the  local  energy  decay  property.  By  modifying  the 
results  of  Ikehata-Nishihara  [4],  and  applying  Theorems  1  and  2,  one  can  get  the 
following  results  in  the  low  dimensional  whole  space  case. 

Theorem  3.  Let  n  =  2  and  7  G  (0,1].  If  [uo,mi]  G  n  RKR”))  x 

(R^(R"')  n  n  L^’^(R"')),  then  for  each  i?  >  0  the  local  energy  E]i{t)  to 

problem  (l)-(2)  satisfies 

ER{t)  =  0{t~^)  (t->oo). 

Theorem  4.  Let  n  =  1  and  7  G  (^Aj-  U  G  n  i4j^(R"^))  x 

(R^(R"')  n  n  L^’^(R”)),  then  for  each  R  >  0  the  local  energy  ER{t)  to 
problem  (l)-(2)  satisfies 


Enit)  =  0{t  ^)  {t  00). 

Remark  5.  The  results  corresponding  to  Theorems  3  and  4  have  already  been 
obtained  in  [4]  in  the  exterior  domain  case  11  C  R*^  with  n  >  2.  In  the  exterior 
domain  case,  the  so  called  Hardy-Sobolev  inequality  played  an  important  role  in 
[4]-  So,  n  >  2  is  crucial.  However,  in  the  whole  space  case,  such  Hardy-Sobolev 
inequality  does  not  hold,  unfortunately.  Proposition  1  plays  a  role  alternative  to 
that  of  the  Hardy-Sobolev  inequality  in  the  low  dimensional  case  n  =  1,  2. 

Remark  6.  The  novelty  in  Theorem  3  and  4  is  that  they  do  not  assume  any 
compactness  of  the  support  of  initial  data,  and  the  results  can  be  derived  in  the 
low  dimensional  whole  space  case. 
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Outlines  of  the  proofs  of  Theorems  3  and  4-  We  can  use  Theorems  1  and  2  in 
place  of  [4,  Lemma  2.2]  in  order  to  get  the  L^-boundedness  of  solutions.  The  other 
parts  of  proofs  are  the  same  as  in  [4].  Note  that  the  conditions  uq  G  and 

ui  £  L24(R«)  can  be  used  to  prove  another  important  weighted  energy  estimate 
[4,  Lemma  2.3]  such  as 

I  ip{t,x){\ut{t,x)f  +  \\7u{t,x)\‘^)dx  <  I  (1  +  |x|)(|tti(x)p  +  |Vuo(x)|^)drE 

with  some  weight  function  x)  satisfying  the  so  called  Eikonal  equation  of  (1) 

'tft{t,x)<0,  \‘ipt{t,x)f  —  \\7‘ip{t,x)\‘^  =  0  t  >  0,  X  G  ◄ 

Next,  we  consider  the  Cauchy  problem  for  the  following  generalized  evolution 
equations  with  the  fractional  Laplacian  in  R'^: 

utt{t,x)  +  {—A)^u{t,x)  =  0,  {t,x)  G  (0,oo)  X  R”,  (15) 

u(0,  x)  =  no(x),  ut{0,  x)  =  ui{x),  x  G  R*^,  (16) 

where  9  >  1.  9  =  2  corresponds  to  the  so  called  beam  (plate)  equation.  It  is 
well  known  that  for  the  initial  data  [tto,ui]  G  R^®(R"')  x  H^(RT),  the  problem 
(15)-(16)  admits  a  unique  solution 

u  G  C([0,  oo);  n  C^([0,  oo);  H\TC))  n  ^^([O,  oo);  ^^(R’^)). 

Now,  for  simplicity,  we  choose  7  =  1,  and  then  by  repeating  the  same  pro¬ 
cedure  as  in  the  proofs  of  Theorems  1  and  2  one  can  get  the  following  a  priori 
estimate. 

Theorem  5.  Let9>  1  andn>  2(0-1).  If[uo,ui]  G 
then  for  the  solution  u{t,  x)  to  problem  (15)-(16) 

\\u{t,  Oil  <  C'dittoll  +  ||mi||  +  ||ui||i,i), 
with  some  constant  C  >  0. 

Outline  of  proof  of  Theorem  5.  If  we  use 

»((,{)  =  {eR?\{0), 

in  place  of  (8),  and  apply  the  multiplier  method  as  in  the  proof  of  Theorems  1 
and  2,  we  can  get 

[  <  [  \MC)?df+ f 

By  applying  Proposition  1  to  the  last  term  of  (17),  one  can  get  the  desired 
estimate.  ◄ 
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Remark  7.  If  6  =  2  (plate  equation  case),  then  one  can  get  the  L^-bound  for 

n  =  3, 4.  This  is  one  of  the  merits  of  Theorem  5,  because  people  usually  have  to 

restrict  the  spatial  dimension  to  n>  5  in  the  plate  equation  case  (see  [1],  [7]  and 
the  references  therein). 

4.  Wave  equation  with  decaying  damping 

We  next  consider  the  Cauchy  problem  for  damped  wave  equation  in  R” 

uuit,x)  —  Au{t,x) +  V{x)ut{t,x)  =  0,  (t,  x)  G  (0,  oo)  X  R”,  (18) 

u(0,  x)  =  no(x),  ut{0,x)  =  ui{x),  x  G  R*^,  (19) 

where  {uo,ui)  are  initial  data  chosen  as  (for  simplicity): 

uo  G  Co~(R”),  ui  G  Co“(R'^).  (20) 

Here,  V  G  BCfR^)  satisfies 


(A-l): 

where  Vq  >  0,  a  >  0,  and  <  x  >:=  y^l  +  |xp.  Under  these  conditions,  the 
problem  (18)-(19)  has  a  unique  strong  solution  u  G  (see  page  1). 

It  is  well-known  that  the  equation  (18)  has  a  diffusive  aspect  as  t  — )■  oo  in  the 
case  of  a  G  [0, 1],  and  in  fact,  the  case  for  a  G  [0, 1)  was  studied  in  [16]  and  [19], 
and  the  case  for  a  =  1  was  investigated  by  [6].  While,  in  the  case  when  a  >  1, 
and  U(x)  satisfies 

>  V{x)  >  0,  (21) 

it  is  well-known  that  the  solution  u{t,x)  to  problem  (18)-(19)  is  asymptotically 
free  as  t  — )■  oo,  and  the  total  energy  Eu{t)  defined  by 

^uit)  ■=7:[  i\utit,x)\‘^  +  \Vu{t,x)\‘^)dx 

2  Jr" 

does  not  go  to  0  as  t  — )•  oo,  in  general.  This  pioneering  work  was  done  in  [9]  in 
1976.  This  observation  implies  a  hyperbolic  structure  of  the  equation  (1)  under 
the  condition  (21).  But,  it  seems  still  unknown  that  whether  the  local  energy 
decays  or  not  (as  t  — )■  oo)  under  such  a  non-effective  damping  condition  (21). 
Note  that  there  are  overlap  parts  between  (A-l)  and  (21).  In  connection  with 
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the  above  results,  Mochizuki  and  Nakazawa  [10]  investigated  decay /non-decay 
properties  of  the  energy,  that  is,  if  V{x)  satisfies 

Vo(e  +  |x|)“^{log(e  +  |x|)}“^  <  V{x), 

then  the  total  energy  decays  with  some  rate,  while  in  the  case  when  V (x)  satisfies 

0  <V{x)  <  Vo{e  +  |x|)“^{log(e  +  |x|)}“^“'^, 

with  5  >  0,  the  corresponding  total  energy  does  not  decay,  in  general,  and  the 
corresponding  solution  is  asymptotically  free  as  t  — )■  oo.  This  implies  that  a 
threshold  on  V (x)  between  decay  and  non-decay  of  the  total  energy  seems  to  be 
more  delicate.  However,  until  now  one  has  known  nothing  about  the  decay  of  the 
’’local”  energy  in  the  latter  case. 

Now,  our  final  aim  is  to  obtain  the  following  partial  answer  for  the  (non- 
uniform)  local  energy  decay  estimate. 

Theorem  6.  Let  n>2,  a  G  [0,  n  —  2],  and  assume  (A-1).  Then,  for  any  R  >  0 


lim  /  {\ut{t,x)\‘^  +  \\7u{t,x)\‘^)dx  =  0. 

Remark  8.  In  the  case  where  n  =  2,3,  we  have  a  €  [0, 1],  so  in  this  case  the 
results  are  not  new,  and  are  included  in  [16]  and  [6].  But,  in  case  of  n  >  A  we 
can  choose  a  >  1,  so  these  cases  are  essentially  new,  and  the  local  energy  decay 
property  for  such  cases  was  not  discussed  in  [9]. 

Remark  9.  By  density  argument,  one  can  choose  the  initial  data  from  a  more 
general  class  such  as  [tto,ui]  G  R^(R")  x  R^(R”).  This  argument  is  standard 
because  the  equation  (18)  is  just  linear. 

Now,  let  us  prove  Theorem  6.  We  hrst  prove  the  integrability  of  the  local 
energy. 

Lemma  1.  Under  the  same  assumptions  as  in  Theorem  6,  for  any  R  >  0,  there 
exist  a  constant  C,  which  depends  on  R>  Q,  and  a  such  that 


(|ui(t,x)p  -k  \Vu{t,x)\^)dxdt  <  C'dluolll^i 


Proof.  We  use  the  multiplier  technique  borrowed  from  [6].  In  the  course  of 
computation  below,  one  can  assume  u{t,  x)  is  smooth  enough  in  x  and  t,  and 
vanishes  for  large  |x|  for  each  t.  This  allows  to  use  the  integration  by  parts. 
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Now,  we  define  an  auxiliary  function 


W (x)  :=  —  <  X  >■ 


Then,  it  is  easy  to  see  that 


-Air(x)  =  ^  >-(««)  +  >  0  e  R«),  (22) 

2  1  +  \x\^ 

Next,  let  us  multiply  both  sides  of  (18)  by  2ut  +  W{x)u.  Then,  it  follows  that 

-7-  [  (\ut{t,x)\‘^  +  \Vu{t,x)\'^  +  ut{t,x)u{t,x)W{x)))dx- [  \ut{t,  x)\‘^W{x)dx 

at  Jnn  J^n 

+2  /  V{x)\ut{t,x)fdx  +  /  {VW{x)  ■  \7u{t,x))u{t,x))  dx 

JR"  JR" 

+  f  W{x)\Vu{t,x)\'^dx +  [  V{x)W{x)\u{t,x)\^dx  =  Q, 

JR"  2  dt  Jrti 

where  one  has  just  used  the  fact  that 

Au(t,  x)W{x)u{t,  x) 

=  V  •  {W{x)u{t,x)Vu{t,x))  —  (VlT(x)  •  Vu{t,x))u{t,x)  —  W{x)\Vu{t,x)\^ . 


Since 


(VlT(x)  •  \7u{t,x))u{t,x)  =  •  (|u(t, x)I^VlT(x))  —  ^|u(t, x)pAlT(x), 

one  has  the  equality 

^G{t)+  [  {{2V{x)  -W{x))\ut{t,x)f  +  W{x)\Vu{t,x)f+ 

at 


+-{-AW{x))\u{t,x)\‘^  >  dx  =  0, 


G{t)  :=  /  {\ut{t,x)\‘^ +  \Vu{t,x)\^+ 


+utit,x)u{t,x)W{x)  H — V{x)W{x)\u{t,x)\‘^dx  dx. 


where  we  set 
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Integrating  both  sides  of  (23)  over  [0,t],  one  has 


G(0)  -  G{t) 


f  [  {{2V{x)-W{x))\us{s,x)\^  +  W{x)\Vu{s,x)f+ 

Jo 

+  ^(— AVF(x))|ii(s,x)p|  dxds. 


Since 


2V(x)  -  W{x)  >^<x 


by  using  (22)  one  can  get 


G{t)  +  ^  f  f  <x>  "  (|us(s,  x)p  +  |Vrt(s,  x)p)(ixds  <  G(0).  (25) 

^  Jo  4R" 

On  the  other  hand,  in  order  to  check  G{t)  >  0,  for  any  e  >  0  we  use  the  following 
inequality 

\W{x)ut{t,x)u{t,x)\  <  ||ut(t,x)p  +  ^Vb(x)^|u(t,  x)p 

<  ^\ut{t,x)f  +  ^V{x)W{x)\u{t,x)f.  (26) 

By  choosing  e  :=  3/2  in  (26)  it  follows  that 

G{t)  >  j  Q|ui(t,x)p  +  |Vu(t,x)p  +  ^I/(x)II^(x)|u(t,x)p^  dx  >  0, 

which  implies  the  positivity  of  the  function  G{t).  Thus,  from  (25)  one  has 


<  X  >  “  (|us(s,x)p  +  |Vu(s, x)p)dxds  <  G(0). 


Here,  by  assumption  on  the  initial  data  we  can  check 
<^(0)=  [  (|ni(x)p  +  |Vuo(x)p  +  IT(x)no(x)ui(x)  +  ^H(x)IT(x)|uo(x)p)dx 

<  /  (|ui(x)|^  +  |Vuo(x)p  +  Vo|«o(a;)wi(a;)|  +  Vo^|'Wo(a:)P)dx  < +00. 

4R" 

This  implies  the  desired  estimate 


<x>  "  (|u^(s,x)p  +  |Vu(s,x)p)dxds  <  G(||uo||^i  +  ||ui|p)  (27) 


with  some  constant  C  >  0.  ◄ 
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Remark  10.  The  essential  part  of  the  statement  of  Lemma  1  is  in  the  estimate 
(27).  However,  the  boundedness  of  the  part  of  (27)  defined  by 
\us{s,x)\‘^dxds  is  trivial  beeause  of  (A-1)  and  the  energy  identity  for  (18)-(19).' 

Eu{t)  +  [  [  V{x)\us{s,x)\‘^dxds  =  Eu{0). 

JO  JR" 

Now,  since  the  function  v{t,x)  :=  ut{t,x)  satisfies 

vtt{t,x)  —  Av{t,x) +  V{x)vt{t,x)  =  0,  (t,  x)  G  (0,  oo)  X  (28) 

t;(0,  x)  =  tti(x),  xt(0,  x)  =  Atto(x)  —  tii(x),  x  G  R*^,  (29) 

by  applying  Lemma  1  to  problem  (28)-(29)  one  can  get  the  following  result,  which 
means  the  local  decay  of  the  second  local  energy  of  the  equation  (18).  Note  that 
it  may  be  sufficient  only  to  assume  £  H‘^(RT)  x  //^(R'^)  to  get  the  result 

below. 


Lemma  2.  Under  the  same  assumptions  as  in  Theorem  6,  for  any  R  >  0,  there 
exist  a  constant  C ,  which  depends  on  i?  >  0,  and  a  such  that 


{\utt{t,x)f  +  \Vutit,x)\‘^)dxdt  <  C'(||no||^2  +  ||wi||^i)- 


Using  Lemmas  1  and  2,  we  now  prove  Theorem  6. 

Proof  of  Theorem  6.  We  borrow  the  idea  from  [12]  (see  also  [8,  section  4]). 
Let  0  <  <  t.  Then,  first  of  all,  one  has 


{t  -  tl)ER{f) 


tiER{s))ds 


=  /  ER{s)ds  +  /  {s  —  ti)  /  {us{s,x)uss{s,x) +  Vu{s,x)  ■Vus{s,x))  dxds. 

Ju  Ju  J\x\<R 


For  fixed  t  >  1,  by  choosing  ti  :=  t  —  1  one  has 

[■t  j-t 

t—l  J\x\<R 


ER{t)  <  [  ER{s)ds+  [  [  (|ns(s,x)||n55(s,x)|  + 

Jt-l  Jt-l  J\x\<R 


+  |Vn(s,  x)|  |Vns(s,  x)|)  dxds 

<  [  ER{s)ds  +  l-  [  [  (|u5(s,x)p  +  |nss(s,x)p  +  |Vn(s,x)p+ 

J t—l  ^  Jt—1  J\x\<R 
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<  2 


+|Vus(s, x)p)  dxds 

roo  2  ^oo  n 

/  ER{s)ds  +  -  /  {\uss{s,x)\‘^ +  \Vusis,x)\'^)  dxds, 

Jt—1  ^  Jt—1  J\x\<R 


where  one  has  just  used  the  fact  that  s  —  (t  —  1)  <  1  for  s  G  —  By  Lemmas 
1  and  2,  one  can  get 


and 


lim  /  / 

Jt-l  J\x\<R 


roo 

lim  /  ER{s)ds  =  0, 

Jt-i 

(|rtss(s,a;)|^  +  | Vrts(s, x)|^)  dxds  =  0 


for  each  R  >  0.  This  completes  the  proof  of  Theorem  6.  ◄ 


Example  1.  In  the  case  of  n  =  A  and  V{x)  :=  Vq  <  x  ,  due  to  the  result 
of  [9],  the  corresponding  Cauchy  problem  (18) -(19)  has  a  non-diffusive  structure, 
and  in  general,  one  has  the  non-decay  nature  of  the  total  energy:  lim  Eu{t)  >  0 

t^OO 

(in  spite  of  the  monotone  decreasing  property  of  the  mapping  t  Eu{t)).  From 
Theorem  6  we  can  additionally  see  that  the  local  energy  necessarily  decays.  This 
observation  seems  new. 
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